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A dynamical system involving a driven pendulum filled with liquid, is analyzed in the present paper series.
The study of such a system is conducted in order to understand energy dissipation resulting from the shallow
water sloshing and induced wave breaking. This analysis is relevant for the design of Tuned Liquid Damper
devices. The complexity and violence of the flow generated by the roll motion results in the impossibility of
using an analytical approach, requiring in turn the use of a suitable numerical solver. In Part I, the coupled
dynamical system is thoroughly described, revealing its nonlinear features associated with the large amplitude
of the forcing, both in terms of mechanical and fluid dynamical aspects. A smoothed particle hydrodynamics
(SPH) model, largely validated in literature, is used to calculate the frequency behavior of the whole system.
For small rotation angles, a semi-analytical model of the energy dissipated by the fluid, based on a hydraulic
jump solution, is developed; the energy transfer is numerically calculated in order to extend the analysis to large
oscillation angles. The experimental part of the investigation is carried out in Part II of this work.
PACS numbers: 47.11.-j, 47.15.-x, 47.10.ad
Keywords: sloshing, dissipation, breaking waves, viscous effects, TLD, Tuned Liquid Dampers, TSD, Tuned Sloshing
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I. INTRODUCTION
The present work deals with energy dissipation induced by sloshing in a fully coupled angular motion system. The
investigation is completed by the experimental study of Part II [1].
In recent decades, a certain amount of studies have been dedicated to the damping/suppression of unwanted oscillations. This
is especially true for civil infrastructures such as large buildings or bridges for which some mechanical damping systems for
structural vibration control have also been devised [2]. Among them, Tuned Liquid Dampers (TLD) (see left sketch of Fig. I)
exploit the liquid sloshing motion in a tank in order to counteract the external forces and dissipate energy. These dampers can
be used to control a building’s motion during earthquakes and strong winds [3, 4], motion instabilities in spacecrafts [5, 6] and
the rolling motion in ships [7–9].
The topic is receiving nowadays substantial attention in countries like Japan, where a campaign to install dampers in existing
buildings is ongoing [10]. The extra weight due to the damper, to be added to a building commonly on its top floors, often requires
extremely expensive reinforcement of the building structure. For example, as reported in the media, adding mass dampers to
the Shinjuku Mitsui Building in Tokyo has been budgeted in USD 51 million. Enhancing the effectiveness of dampers, while
keeping their weight low, becomes thus extremely important from the economic point of view.
With all these motivations, and concentrating on the TLD concept, several investigations have been performed over the years
in an attempt to reproduce sloshing flows. The first studies were performed using a potential flow linear or non-linear theory,
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2but later studies were conducted using CFD. Abundant sources can be found in the books of Faltinsen and Timokha [11] and
Ibrahim [12].
Modeling the energy dissipation in sloshing has always been a challenge. As an example, in order to take into account the
viscosity effects and the boundary layers, some formulae for dissipation have to be added to potential flow based or shallow-
water based models. In 1983, Demirbilek treated this problem of dissipation in sloshing waves both theoretically and numerically
[13–15] considering the full Navier Stokes equations. This allowed him to obtain some results regarding the influence of both
Froude and Reynolds numbers on the dissipation values, but without any validation.
Sun and Fujino [16] performed a numerical and experimental analysis of the problem in a tank without immersed screens
or structures. They identified the breaking as an important source of dissipation and determined a semi-analytical procedure
to take it into account. Reed et al. [17] investigated in greater detail the effects of large amplitude sloshing on a TLD. Marsh
et al. [18] performed experimental and numerical works regarding the analysis of dissipation mechanisms in egg-shaped sloshing
absorbers, focusing on sloshing and solid boundary layer effects. From a physical point of view, the study of the dissipation
induced by a free-surface flow is arduous, especially in the presence of a wave breaking flow. Perlin et al. [19] presented a review
and analysis on works dedicated to dissipation under wave breaking.
Cooker [20, 21] performed elegant decay experiments with a free oscillating tank suspended as a bifilar pendulum in the
shallow-water limit, suggesting that hydraulic jump theory can provide some insight into the dissipation mechanisms. The
transfer of energy between a moving vessel and the contained fluid is studied in Turner and Bridges [22].
The calculation of resonance properties for a coupled system is often difficult in the presence of a liquid. For that, different
techniques have been developed in order to model the sloshing flow and solve the coupled problem, namely Yu et al. [23] and
Tait [24] using a mass-spring subsystem, Frandsen [25] using potential flow theory and Ardakani and Bridges [26], Ardakani
et al. [27] using shallow water equations.
FIG. 1: Sketch of the two dynamical systems TLD (left) and HMLD (right) from [28]. The aim is to dampen the motion of M induced by an
external acceleration Ae.
Recently, an alternative TLD configuration defined as a hybrid mass liquid damper (HMLD) (see [28] and Fig. I, right) was
introduced.
The idea is to tune the mass damper Mh to maximize the force counteraction between the primary and secondary structures
and to attach a sloshing damper to the mass damper in order to dissipate large amounts of energy through violent sloshing. An
optimally designed HMLD configuration is shown to be more effective as a control device than the standard TLD configuration
since it maximizes the force counteracting and dissipating effects.
In the present work, a specially devised fully coupled damper system first described in Bulian et al. [29], called hereinafter
Pendulum-TLD, is analyzed. The mechanical system is essentially a non-linear driven pendulum, where the pendulum is a
rectangular tank rotating around a fixed pivot. With the tank partially filled with a liquid, energy is supplied to the whole system
by a mass sliding along a linear guide fixed on the tank. The mechanical system and the resulting sloshing flow are coupled in a
very complex non-linear manner.
Part I is organized as follows: first, the frame of reference, notation and elements of the coupled system are presented, the
torques and main energy terms affecting the dynamics are identified and an analogy with TLD and HMLD systems is provided.
The dynamics of the empty tank is then described prior to developing the theoretical model representing the fluid action. The
loads of the fluid on the tank during sloshing are theoretically and numerically investigated by varying both the frequency and
3the amplitude of the roll motion. Theoretical considerations are done on the scaling of the energy dissipation by the fluid.
The numerical investigation is conducted using a Smoothed Particle Hydrodynamics numerical model, widely validated (see
[30, 31]) in the context of violent free surface fragmentation. The chosen model is further adapted to simulate the coupled
dynamics, allowing for a non linear analysis of the coupled system behavior in the frequency domain. Conclusions are drawn
and an experimental validation analysis with three different liquids is left for Part II.
II. A PENDULUM TUNED LIQUID DAMPER
The pendulum TLD (see Fig. 2) is composed of three coupled sub-systems:
1. the sliding mass,
2. the moving parts of the sloshing rig including the empty tank but excluding the sliding mass; this sub-system will be
hereafter referred to as the tank; the energy balances will refer to this sub-system.
3. the fluid.
The sloshing tank is assumed to be 2D, perfectly rigid, and rotating in the vertical plane about a fixed horizontal axis passing
through a fixed pivot O. Although the findings herein are of general value, in order to conform with the experimental data of
Part II, the tank length L is set equal to 0.9 m and the width B, normal to the plane of motion, is 0.062 m.
The length l = 0.1 m is taken as a characteristic length of the system. The filling height h adopted and the sliding mass motion
amplitude will be of this order.
The distance H between the center of rotation and the tank bottom is set equal to 0.47 m.
The moment of inertia around O is I0 and the static moment SG of the rigid system around O is the product of the mass, mtank,
and the distance, ηG, between the center of gravity of the tank and the point O, thus SG = mtankηG. I0 is set equal to I0 = 26.9
kg.m2 and the static moment to SG = −29.2 kg.m (see Part II). The rotation center is above the center of gravity of the whole
system, implying that the system is stable in the absence of external forcing.
Since the system is purely rotational, the dynamics can be described in terms of variations in angular position and through
balances of angular momentum (torques) contributions. The different torques acting on the tank derive from the following four
external forces: one given by the fluid F f luid/tank, another stemming from the sliding mass Fmass/tank, the third being the weight
of the tank Fstatic = mtank g (g is the gravity acceleration) and the last one being the reaction of the holding structure Raxis/tank
on the hinge O . A scheme of these forces is provided in Fig. 2.
The inertial frame of reference is indicated by (O i j) and the velocity u of a generic point P on the tank is
u(P) = φ˙ k × r,
where k = i× j and is the normal vector orthogonal to the rotating plane, φ is the angular displacement, φ˙ is the angular velocity
and r is the position vector of the generic point P with respect to the pivot O.
FIG. 2: Tank and oscillating mass (arrows are vector representation of forces).
4The sliding mass m = 4.978 kg moves along the linear guide with ξm(t) being the coordinate along the slide. This sliding mass
is forced under a defined harmonic motion:
ξm(t) = Am sin( 2pi t/T ), (II.1)
where Am is the amplitude of the oscillating mass along the linear guide, T is the oscillation period. The sliding mass motion
amplitude Am is set to 0.05, 0.10, 0.15 and 0.20 m. Since ξm is imposed, the state of the dynamical system can be defined as a
function of the angle φ and its derivatives.
The mass moves along the axis defined by the pivot O and the vector iˆ. The non-inertial frame of reference indicated by
(
O iˆ jˆ
)
is defined in Fig. 2.
The forces on the sliding mass are: its weight mg, the force given by the electric motor Fe and the force exerted by the tank
on the mass Ftank/mass. From the momentum equation in the inertial reference system (O i j) an expression of Ftank/mass is given
as a function of the sliding mass acceleration am:
Ftank/mass = −mg − Fe + m am, (II.2)
where am is given in (O i j) frame by:
am = (ξ¨m − ξm φ˙2) iˆ + (2ξ˙mφ˙ + ξm φ¨) jˆ. (II.3)
The torque about O on the tank, due to the sliding mass, is:
Mmass/tank = ξm iˆ × Fmass/tank · k =
= −mξmg cos(φ) − m(2ξmξ˙mφ˙ + ξ2mφ¨). (II.4)
This expression comprises a term due to the weight of the sliding mass plus inertia terms originating from the mass motion on a
rotating beam.
This equation mixes together the exciting term ξm with the roll angle φ, the latter being the main output of the dynamical
system. For a sufficiently small roll angle φ, a good approximation of Mmass/tank can be given by −mξmg. The linear behavior
with respect to ξm should be dominant for Mmass/tank, thus simplifying the analysis of the system. This hypothesis is checked
with the conditions studied herein.
Following Bulian et al. [29] a friction torque is included in the mechanical model:
M f riction = −Bφφ˙ − Kd f sgn(φ˙), (II.5)
with Kd f = 0.54 N.m and Bφ = 0.326 N.m.(rad/s)−1. These values have been determined in [29] using a set of inclining and
decay tests on the experimental set-up adopted in Part II of this series.
The natural frequency of the rigid system:
ωm1 =
√
−g S g
I0
(II.6)
is equal to 3.263 (rad/s) and the corresponding period is T1 = 1.925 s.
A. Angular momentum and energy balances
Considering the terms cited above, the angular momentum equation for the roll motion of the tank reads:
I0φ¨ − gS g sin(φ) − M f riction − M f luid/tank = Mmass/tank, (II.7)
where the first two terms of the left-hand side represent a classical non-linear pendulum equation (the static moment S g has a
negative value), and the right-hand side Mmass/tank is the forcing term of the system.
Substituting the expressions reported above, the ODE (II.7) can be rewritten in an expanded form as:
(I0 + mξ2m)φ¨ + (Bφ + 2mξmξ˙m)φ˙ + Kd f sgn(φ˙) − gS g sin(φ) + mξmg cos(φ) = M f luid/tank . (II.8)
The torque M f luid/tank is given, for a Newtonian fluid, by:
M f luid/tank = −
∫
∂ΩB
r × p ndS + 2µ
∫
∂ΩB
r × D ndS (II.9)
5where the two addends represent the contribution of the pressure and the viscosity forces, ∂ΩB is the internal surface of the tank,
n is the normal vector to this surface pointing away from the fluid, D is the fluid velocity strain rate tensor and µ the dynamic
viscosity of the fluid. For an ideal fluid in absence of breaking, it is generally possible to find an analytical or semi-analytical
expression for eq. (II.9) (see i.e. section IV), while for the more general case, M f luid/tank can only be found through a numerical
solver (see i.e. subsection IV D). A proper choice of the fluid characteristics and filling height should allow for a fluid response
M f luid/tank that can suppress unwanted tank oscillations excited by external forces.
Equation II.7 can be multiplied by the angular velocity φ˙ and integrated over an oscillation period to obtain the following
energy balance:
[Emechtank ]
t+T
t − ∆ E f riction − ∆ E f luid/tank = ∆ Emass/tank (II.10)
in which:
1. ∆ Emass/tank accounts for the energy transfer between the sliding mass and the tank in one cycle; it is defined as:
∆ Emass/tank =
∫ t+T
t
Mmass/tank(s) φ˙ ds. (II.11)
The sliding mass is the driving element of the system and ∆ Emass/tank is therefore expected to be positive. In reality, if the
damping phenomena are not energetic enough, there may be cycles for which there is a net transfer of energy from the
tank to the moving mass, as shown in the next sections.
2. [Emechtank ]
t+T
t is the variation of the mechanical energy of the tank during one oscillation cycle; it is defined as:
[Emechtank ]
t+T
t :=
∫ t+T
t
(
I0φ¨ − gS g sin(φ)
)
φ˙ ds, (II.12)
3. ∆ E f riction, always negative, is the energy variation of the tank due to the mechanical friction for one cycle; it is defined as:
∆ E f riction :=
∫ t+T
t
M f riction(s) φ˙ ds, (II.13)
4. ∆ E f luid/tank is the energy transfer between the fluid and the tank during one cycle; it is defined as:
∆ E f luid/tank :=
∫ t+T
t
M f luid/tank(s) φ˙ ds. (II.14)
This term is linked to the sloshing phenomena induced by the tank motion. In order to dampen such a motion, ∆ E f luid/tank
should be negative, that is, in one period of oscillation the tank exerts a positive work on the fluid and not vice versa; this
issue will further be discussed in detail in the rest of the paper.
The energy variation ∆ E f luid/tank is characterized by two components:
1. [Emechf luid]
t+T
t is the mechanical energy balance of the fluid in one oscillation cycle.
2. ∆ Edissipationf luid is the energy dissipated by the fluid in one cycle and is always negative (see e.g. [32]).
The energy ∆ Edissipationf luid involves different phenomena: (i) the fluid friction on the tank walls, (ii) water impacts against the
vertical walls, (iii) breaking waves. The magnitudes of these different components depend on the nature of the fluid. For
example, when using water, breaking waves are expected to be the main source of fluid dissipation.
The energy balance for the fluid hence reads:
∆ E f luid/tank = −[Emechf luid]t+Tt + ∆ Edissipationf luid (II.15)
and therefore equation (II.10) becomes:
[Emechtank ]
t+T
t + [E
mech
f luid]
t+T
t − ∆ E f riction − ∆ Edissipationf luid = ∆ Emass/tank (II.16)
The work done by the sliding mass, when positive, increases the mechanical energy of the tank and fluid, but is partially
dissipated by the mechanical friction and fluid dissipation mechanism.
All the energy contributions are represented in Fig. 3, where the direction of the arrow indicates the positive sign contribution.
6B. Analogies between the present system, a TLD and a HMLD
1. TLD
The amplitude of the roll angle φ is the main indicator of the performance of a TLD system with angular motion. For a
given excitation Am, the lower the φ the more effective the TLD is considered to be. An analogy can be established between the
present system and an angular motion TLD. Looking at the left panel of Fig. I, mass M can be thought of as tank for the system
described herein, the TLD being the fluid, K being the restoring term of the moment equation, C the friction term, and Ae the
moment due to the moving mass.
However, this analogy falls short because, as will later be seen, if the excitation is above a certain threshold, the roll angle
may not be reduced even if the system is dissipating a large amount of energy. This property suggests the idea of looking at the
system as a hybrid mass liquid damper (HMLD).
2. HMLD
A large proportion of the analysis for the present system is in the energy transfer between the moving mass and the tank,
∆Emass/tank. Looking at the right panel of Fig. I, the present system can be seen as the secondary system (with mass Mh) and
may experience a larger amplitude motion than permitted if attached to the main structure. Under this large motion scenario,
high levels of energy transfer may be induced from the primary damper M through the term ∆Emass/tank, finally being dissipated
on the secondary system with the large angular motion sloshing flows.
C. Definition of envelopes and phase lags functions
In this subsection, useful quantities are defined in order to properly analyze the present system. These quantities are not used
to obtain analytical solutions but only to extract important information from the numerical simulations and experimental results.
As an example, the solution of equation (II.8), φ(t), can be approximated as:
φ(t) = Φenv(t)
∞∑
n=1
sin [nω t + δn(t) ] , (II.17)
provided that the envelope function Φenv(t) and phase shift functions δn(t) each have slow dynamics with respect to the period
T = 2pi/ω. As will be shown later, the first harmonic component is largely dominant in the roll motion. Therefore, φ(t) can be
described with a good approximation by:
φ(t) ≈ Φenv(t) sin [ω t + δ(t) ] . (II.18)
Due to their slow dynamics, the envelope function Φenv(t) can be approximated as:
Φ(t) =
pi
2T
∫ t+T
t
|φ(s)| ds , (II.19)
FIG. 3: Energy balance between the sliding mass, the tank and the fluid; the direction of the arrow corresponds to positive contributions.
7and the shift function δ(t) can be approximately evaluated looking at the maximum values of φ(t) and ξm(t) in a moving T−time
window, and measuring the relative time shift in order to evaluate the phase lag.
Due to the existence of dissipative terms, equation (II.8) may admit a a “time-periodic solution” and equation (II.18) becomes:
φ(t) = Φ sin[ωt + δ] (II.20)
This is true for a large number of conditions, however, it is known [30] that shallow water sloshing can lead to subharmonics,
in particular with low amplitude oscillations. Regarding the torque M f luid/tank, at time-periodic state, equation (II.8) shows that
even considering the approximation (II.20) for the roll angle, the non-linear terms induce non-negligible effects on the time
behavior and the torque exerted by the fluid on the tank needs to be expressed as:
M f luid/tank =
∞∑
n=1
Mn sin[ n(ωt + δ) + Ψn ] (II.21)
where Ψn is the phase lag between the torque n−harmonic component and the roll angle φ(t) and in which, the first harmonic
component is expected to play a lead role in the time-periodic state balance.
Prior to the time-periodic state, and similarly to what is done with δ(t), it is possible to extract a function Ψ(t) from the time
histories of M f luid/tank(t), looking for the local maximum. Indeed, this phase lag function evolves with slow time dynamics with
respect to the period T .
Summarizing, in the time-periodic state, it is possible to define phasors on a complex plane using the modulus and phases
of the different quantities. The origin for the phases is given by the sliding-mass motion. In order to help in assimilating the
notation and in identifying the main actors of the dynamics under study, a typical configuration at time-periodic state is sketched
in Fig. 4.
FIG. 4: Complex plane: main torques and motions involved in the analysis.
The following observations can be made:
1. Typically, the tank motion, φ(t), is lagged with respect to the sliding mass motion, ξ(t), with an angle, δ, smaller than 90◦.
2. The torque created by the sliding mass, Mmass/tank, is lagged approximately 180◦ with respect to the sliding mass motion
ξ(t).
3. The torque due to the friction term is advanced approximately 90◦ with respect to the tank motion φ(t).
4. The optimum condition in order to damp the tank motion takes place when the torque M f luid/tank acts in counter-phase
with respect to the torque Mmass/tank. Fulfillment of this condition is discussed in section IV.
III. DYNAMICS OF THE SYSTEM WITH THE EMPTY TANK
A. General
In this section the system is studied without fluid, focusing on the dependencies of the moving mass amplitude Am and the
effect of friction on the dynamics.
8Considering an empty tank and null friction term, equation (II.8) can be reduced to:[
1 +
mA2m
I0
sin2(ωt)
]
φ¨ +
mA2m
I0
ω sin(2ωt) φ˙ + ω1m2 sin(φ) +
mgAm
I0
sin(ωt) cos(φ) = 0 (III.22)
As previously mentioned, equation (III.22) has practically the same behavior as a driven non-linear pendulum. The dynamics
of the empty tank condition is explored numerically looking at this ODE (III.22). The accuracy of this model of the “empty-tank”
behavior was demonstrated in [29].
In Fig. 5, the solid line refers to the solution of equation (III.22) using the largest amplitude of excitation Am = 0.20 m for
the sliding mass and ωm1 as excitation frequency. The solution shows the classical beating characteristic of a driven non-linear
pendulum (see e.g. [33]).
FIG. 5: Empty tank model: Roll angle φ plotted as a function of time using an excitation amplitude Am = 0.20 m, ω = ωm1 . Solid line: without
friction, dashed line: with the friction model.
The energy exchanged between the tank and the sliding mass periodically changes in sign during the beating periods.
In the initial part of the time histories plotted in Fig. 5, φ(t) essentially follows the linear resonant solution:
φLin(t) =
mg Am
I0
t cos(ωm1 t)
2ωm1
(III.23)
in which the amplitude Φ(t) grows linearly with time and φLin(t) is in quadrature (i.e. 90 degrees out of phase) with the sliding
mass ξm(t) .
When considering the friction of the system, the solution (see dashed line in Fig. 5) shows that φ reaches a time-periodic state
after a long transient. A similar behavior is expected when the fluid is in the tank. Indeed, the dissipation mechanisms of the
fluid added to the friction mechanism should generate a time-periodic state in a shorter time range.
Figure 6 shows the shift function δ(t) plotted as a function of time in the empty tank condition (Am = 0.20 m with and without
friction terms). Without friction, the phase lag oscillates periodically between 90◦ and −90◦ (solid line). With friction, the
oscillations of δ(t) decrease in time towards a constant value (8◦).
For positive values of δ, the mass is transmitting energy to the tank whilst for negative δ, the tank gives back some energy to
the sliding mass (i.e. ∆Emass/tank < 0). The behavior of ∆Emass/tank, Φ and δ in time is better depicted by the plots in Fig. 7.
Fig. 8 shows the frequency behavior of [Φ, δ,∆Emass/tank] at time-periodic state. This plot highlights the non-linearity of the
mechanical system with the typical bifurcation phenomenon on Φ when varying the frequency ω (see e.g. [33]). Also, when
increasing Am, the frequency at which the maximum Φ appears (i.e. at which δ = 90◦) moderately decreases and is lower than
ωm1 . This “soft spring" behavior is well documented in the literature.
Am [m] 0.05 0.10 0.15 0.20
Φ [degree] 20 27 31 34
δ [degree] 26 14 10 8
∆Emass/tank/mgl 0.30 0.42 0.50 0.54
TABLE I: Empty tank model: values of the main quantities reached at time-periodic state for the excitation amplitudes: Am= 0.05, 0.10, 0.15
and 0.20 m and using the excitation frequency ω = ωm1 .
Table I reports the value of [ Φ , δ ,∆Emass/tank ] reached at a time-periodic state using ω = ωm1 . Those values are to be used as
reference data for Part II where the tank is filled with a liquid.
9FIG. 6: Empty tank model: shift function δ plotted as a function of time using an excitation amplitude Am = 0.20 m,ω = ωm1 . Solid line:
without friction, dashed line: with the friction model.
FIG. 7: Empty tank model: ∆Emass/tank plotted as a function of time using an excitation amplitude Am = 0.20 m, ω = ωm1 . Top: without friction
terms, bottom: with friction terms.
B. Torque exerted by the sliding mass on the empty tank
Figure 9 shows Mmass/tank/mgAm as a function of time for ω = ωm1 at a time-periodic state (when the time-periodic state is
met). This torque is a non-linear function of ξ(t), φ(t) and their derivatives (see eq. II.4).
The mentioned figure highlights the effect of increasing Am. For the lowest Am = 0.05 m, the torque is almost sinusoidal.
When increasing the excitation amplitude it remains in phase with the sliding mass motion ξ(t). It is also noticeable from the
figure that a saturation effect takes place on the upper/lower parts of the signal when Am is increased.
10
FIG. 8: Empty tank model with friction terms: roll angle Φ, phase lag δ and ∆Emass/tank reached at a time-periodic state for different excitation
frequencies.
FIG. 9: Empty tank model: Mmass/tank is plotted as a function of time during a time-periodic state where ω = ωm1 for four excitation amplitudes.
IV. THEORETICAL AND NUMERICAL PREDICTIONS OF THE TORQUE EXERTED BY THE FLUID AND THE
ASSOCIATED DISSIPATION
A. General
The resonance characteristics of a sloshing tank subjected to swaying and rolling have been thoroughly investigated over the
years. The torque M f luid/tank (see equation II.9) depends on the value of the pressure and velocity fields. It is not possible to find
a general formulation in closed form for the Navier Stokes equations, especially when free surface breaking occurs.
Figure 10 shows a typical frequency behavior of the wave amplitude during periodic sloshing in a rectangular tank for shallow
water conditions. Increasing the excitation frequency raises the wave elevation until a frequency ωb where a bifurcation is
observed. For frequencies ω > ωb the wave elevation is drastically reduced. In shallow water condition ωb is always larger than
ω
f
1 (see [34] and [30]), where ω
f
1 is the first natural sloshing frequency:
ω
f
1 =
√
g pi/L tanh(pih/L). (IV.24)
Therefore, the sloshing flow intensity has a “hard spring" type amplitude response, the opposite of the “soft spring" behavior of
Φ discussed in section III for the empty tank condition. In Fig. 10, small peaks are visible on the wave amplitude measurements
when ω < ωb. Those are related to secondary resonance effects, which are typical phenomena in shallow water sloshing
dynamics (for more details see [35], [36]).
11
FIG. 10: Maximum wave elevation measured at 0.05 m from the left vertical wall obtained during the time-periodic state varying the excitation
frequency ω. The roll angle amplitude is set to Φ = 1◦.
B. Torque from Verhagen and Van Wijngaarden analysis
In the pioneer work of Verhagen and Van Wijngaarden [37], the non-linear inviscid problem is solved for a shallow water
regime using hydraulic jump solutions on a tank forced in roll motion with a harmonic time history:
φ(t) = Φ sin(ω t + δ),
with a constant Φ and an arbitrary phase δ.
According to Verhagen and Van Wijngaarden [37], hydraulic jumps travelling back and forth between the walls of the tank
exist in the following range of excitation frequencies:(
ω − ω f1
)2
<
24 gΦ
L
. (IV.25)
M f luid/tank can be expressed with Fourier series:
M f luid/tank = ρg
(
L
2
)3
B
∞∑
n=1
M˜n sin[ n(ωt + δ) + Ψn ], (IV.26)
with Ψ1 being the phase lag between the first harmonic component of the torque and the roll angle φ(t) (see Fig. 4).
In the vicinity of the resonance frequency ω f1 , the first harmonic component in equation IV.26 is given by:
M˜1 =
(
2
3
) 3
2
(
4
pi
)4 (
Φ h
L
) 1
2
[
1 − L(ω − ω
f
1 )
2
32 gΦ
]
Ψ1 = −pi2 − 2 arcsin
[
L(ω − ω f1 )2
24 gΦ
] 1
2
+ arcsin
[
L(ω − ω f1 )2
96 gΦ − 3L (ω − ω f1 )2
] 1
2
.
(IV.27)
Therefore, in the Verhagen and Van Wijngaarden [37] analysis, the torque magnitude is proportional to
√
Φ and its maximum
value is achieved for ω = ω f1 , i.e. when the system is forced with the fluid resonance frequency.
From equation (IV.27) and for values of ω in accordance with equation (IV.25), Ψ1 decreases from 0 to −180◦. Specifically
for ω = ω f1 , Ψ1 = −90◦, which implies that the first harmonic of M f luid/tank is in quadrature with the tank motion (see equation
IV.26).
C. Theoretical fluid dissipation
A theoretical approximation of the fluid energy dissipation has now been developed similar to [37], where hydraulic jump
solutions for an inviscid flow are used. Following [38], the energy loss dissipated across a hydraulic jump between water heights
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h0 and h1 moving with velocity u over a wave period is:
∆Edissipationf luid ≈ −Bρgh0u
(h1 − h0)3
4h0h1
T. (IV.28)
Over one period the total distance that the wave must propagate down the length of the tank and back again, is uT = 2L.
Therefore, the above expression becomes:
∆Edissipationf luid ≈ −2BLρgh0
(h1 − h0)3
4h0h1
. (IV.29)
All of the energy given to the fluid comes from the motion of the tank’s walls. For an inviscid fluid this can be approximated to
the work done by pistons acting against the net difference between the (approximately hydrostatic) pressure distributions at the
two end walls. For an elementary angle rotation dφ the work is:
dWp = −ρgB2 (h
2
1 − h20)
√
H2 + (L/2)2dφ (IV.30)
Integrating over an oscillation period and since this value should be equal to ∆Edissipationf luid , on one hand (h1 − h0) is obtained
combining above expressions, on the other hand h1 + h0 ≈ 2h, and subsequently the following estimation for ∆Edissipationf luid can be
given:
∆Edissipationf luid = −[(2H/L)2 + 1]3/4 (4ρ g B L h2) Φ
3
2 =
= −[(2H/L)2 + 1]3/4 (4mliquid g h ) Φ 32
(IV.31)
where mliquid is the mass of the sloshing liquid contained in the tank. Since for the present system 2H/L ' 1, the above
expression reduces to:
∆Edissipationf luid
(4mliquid g hΦ
3
2 )
= −23/4 ≈ −1.68 (IV.32)
This dissipation rate is constant in time, which is generally not the case for a real sloshing flow where a breaking wave front
develops only on limited time ranges and is not present during the whole oscillation cycle. This is the reason why equation
(IV.32) tends to over-predict the fluid dissipation as shown in the next subsection.
This non-dimensional coefficient linked to the energy dissipated by the fluid is referred to hereinafter as:
α := −
∆Edissipationf luid
4mliquid g hΦ
3
2
. (IV.33)
Being α of order unity, the reference energy, 4mliquid g hΦ
3
2 models that part of the mechanical fluid energy (kinetic plus
gravitational potential) which is available to be dissipated in breaking.
D. Numerical predictions of the torque exerted by the fluid and the associated dissipation
The theoretical model presented in section IV is not expected to be valid for large oscillation amplitudes, as is the case for
some used in the present work, or for very small oscillations where hydraulic jumps do not occur. For this reason, numerical
simulations in a 2D framework are performed using the Smoothed Particle Hydrodynamics model discussed and validated for
sloshing flows in [30] and in [31].
The filling height adopted is equal to h = 0.092 m. This choice is motivated by the points discussed in section V.
Plots in Fig. 11 show the maximum torque M f luid/tank recorded in the time-periodic regime for five different roll amplitudes
Φ: 1, 2, 10, 20 and 35 degrees and a range of exciting frequencies ω close to ω f1 .
The peak values of M f luid/tank in each oscillation cycle have a very different frequency behavior for small and large roll angles.
Furthermore, for small roll amplitudes, the associated standard deviation across these cycles is very low. This result indicates
repeatability, a characteristic of non-breaking sloshing flows. For a roll angle greater than 2 degrees, breaking waves occur,
inducing a standard deviation on the evaluated M f luid/tank that increases with Φ.
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The analytical prediction of M f luid/tank in the proximity of ω
f
1 ( see equation (IV.27) ) is M1 ' 0.457
√
Φ. The theoretical
model tends to exceed the SPH predictions, however, the agreement between the theory and the numerics on the maximum
torque remains fair for all investigated roll angles.
Fig. 12 depicts the α coefficient defined in equation IV.33 for the five previously defined roll amplitudes Φ. For the lowest roll
amplitudes, the obtained α-values present a complex frequency behaviour with different peaks linked to secondary resonance
effects. Besides this, for Φ equal to 1 and 2 degrees, α is very close to the value 1.68 predicted by the analytical expression(IV.32)
when ω is close to the frequency ω f1 . These results are compatible with those found in Landrini et al. [39] where the energy
dissipated by breaking waves, when simulating hydraulic jumps with SPH, was shown to be similar to analytical results.
Increasing the roll amplitude, SPH predicts a reduction of the viscous coefficient α which remains in the range of variation
α ∈ (0.8, 1.8) for all the five amplitudes studied. This reduction is also confirmed by the experimental measurements presented
in the Part II.
V. THE FULLY COUPLED ANGULAR MOTION SYSTEM
A. General
Once the empty tank mechanical system and the fluid system have been independently analyzed, it is relevant to observe them
coupled.
If the fluid is considered “frozen”, considering a filling height h = 0.092 m and a “frozen” liquid with density ρ = 1000Kg/m3,
the moment of Inertia I0 has an 8% variation. However, since S g also varies, the effect on the mechanical resonance frequency
ωm1 is limited to a decrease of 0.5%. Therefore, the effects of the presence of a liquid inside the tank, are mainly due to the
induced sloshing flows and not so much to the liquid mass added in the system.
In the previous sections the non-linear empty tank and the forced sloshing dynamics have been described. To analytically
study the frequency behavior of the coupled fluid/rig TLD system the methodology described in the works of Frandsen [25] or
Alemi Ardakani et al [27] should be followed.
In other articles (e.g. Tait’s[24]), the sloshing dynamics of the TLD system is approximated as a simple secondary mass-
spring system. This allows (as with the model of Frandsen [25]) the selection of an optimal mass of fluid in order to reduce the
oscillation amplitude at the resonance frequency of the mechanical system ωm1 .
FIG. 11: Maximum value for the torque M f luid/tank predicted by the SPH method during the time-periodic state varying the excitation frequency
ω. The maximum values plotted are the average of those obtained for the simulated periods. The error bars indicate the associated standard
deviation. Left: roll amplitude Φ = 1,2, 10 degrees. Right: Φ = 20 and 35 degrees.
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FIG. 12: The energy ∆Edissipationf luid predicted by the SPH method during the time-periodic state is plotted for an excitation frequencies range
(0.4 < ω/ω f1 < 1.5) and for five different roll amplitudes Φ.
In the case studied here for the pendulum-TLD, the roll motion makes these analytical approaches more complex.
Furthermore, for the large range of excitation amplitudes Am investigated here the linearized approach fails.
The optimal choices for the mass of fluid found in the linearized approaches are in the neighborhood of ω f1/ω
m
1 ≈ 1 and this
can be explained by the following simple considerations:
1. As discussed in section IV B, if the system is forced at ω = ω f1 then Ψ1 = −90◦ (the first harmonic of M f luid/tank is in
quadrature with the tank motion).
2. The largest counteraction expected is when M f luid/tank is lagged 180◦ with respect to Mmass/tank. Looking at Fig. 4, this
case corresponds to δ + Ψ1 = 0.
3. For the smallest forcing (Am = 0.05m, see section III A), the roll motion of the mechanical system with an empty tank is
in quadrature (δ = 90◦) with the sliding mass motion when the system is forced at the mechanical resonance (ω = ωm1 ).
4. From the above considerations, when the first sloshing frequency is equal mechanical resonance frequency of the system:
ω1 := ω
f
1 = ω
m
1 ⇒ g pi/L tanh(pih/L) = −g S g/I0, (V.34)
which allows identifying the filling height h = 0.092 m.
Summarizing the above considerations for all the different torques, it is possible to define phasors on a complex plane using the
modulus and phases of the first harmonic components obtained by a Fourier decomposition (as in equation II.21).
The phasors expected for an idealized system are sketched in Fig. 13. The inertial and static components are defined
respectively as Minertial = −I0φ¨ and Mstatic = gS g sin φ. The origin of the phases is given by the sliding-mass motion.
In real cases, the dynamic system moves away from this ideal condition. As a consequence, the optimum choice for the filling
height, h∗, is not necessarily obtained by (V.34) since h∗ also varies due to non-linearities with respect to the forcing amplitude
Am or to the nature of the fluid. These non linearities are the subject of the present study, where the filling height h is therefore
set to 0.092 m and this choice is tested across a range of frequencies using a suitable numerical solver to get the fluid reaction
M f luid/tank.
B. Pendulum TLD: numerical simulation with SPH
In this section, the Smoothed Particle Hydrodynamics model presented in [30] and in [31], is applied to simulate the fully
coupled angular motion system. The reader is referred to [40] for details on the mechanical system coupling algorithm. The
two-dimensional hypothesis is still maintained mainly for computational costs.
Fig. 14 depicts the sloshing flow predicted by the SPH model. For the frequency ω = ω1, two different excitation amplitudes
Am of the sliding mass are used: Am = 0.05 m and Am = 0.20 m. For the smallest amplitude, a train wave develops inside the tank
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Ideal case
inertial
static
fluid/tankmass/tank
friction 0 deg.
90 deg.
270 deg.
180 deg.
FIG. 13: Torque modulus and phase. Phasor expected for a tank filled with an inviscid liquid at oscillating with small amplitude angle, for
resonance condition of both liquid and mechanical system.
and no breaking wave phenomena are predicted; the motions of the sliding mass and the rolling tank are almost in quadrature.
The agreement with the experimental results is very good as it can be seen comparing with the results of Part II.
Conversely, using the highest Am = 0.20, the sloshing flow becomes very violent, with an intense free surface fragmentation
process; for this case, the sliding mass and the roll tank are far away from the quadrature condition. The SPH prediction of the
flow presents no negligible discrepancies with respect to the experiments. Indeed, because of the violent sloshing condition,
the flow comprises air entrapment, turbulence processes and significant three-dimensional effects; they are not modeled by the
numerical method.
For both amplitudes Am, the roll angle and the phase lags predicted by the numerical model agree with the experimental
results reported in Part II of this work. In Fig. 15 the roll angle φ(t) predicted by the SPH is plotted as a function of time.
For Am = 0.05 m an almost time-periodic state is reached after almost ten periods. Even if a small sub-harmonic develops, the
roll-angle amplitude Φ stabilizes at a value of around 2 degrees. The largest Am requires more periods of oscillation to reach a
a time-periodic state, for which a value of 35 degrees is attained. Comparing the maximum roll angles with the ones evaluated
with the empty tank conditions in the case with Am = 0.05 m (see section III), the presence of liquid induces a drastic reduction
of the roll motion and the system thus behaves like a classical TLD.
This is not the case for the largest amplitude Am = 0.20 m. Indeed, in such a condition the final roll angle with water inside
the tank is practically the same as obtained with the empty tank condition. Fig. 15 shows the phase lags δ and Ψ predicted by
SPH and plotted as a function of time. Since the roll motion φ(t) is not affected by super-harmonics, δ presents a smooth time
behavior. Conversely, Ψ(t) displays a noisy time history, which is linked to the more complex numerical treatment of M f luid/tank
(see II C)
For Am = 0.05 m, δ and Ψ are close to 90 degrees and -90 degrees respectively. The system is therefore close to the ideal
condition discussed in section V A. For Am = 0.20 m the time history of δ is more complicated and only begins to stabilize after
60 periods of oscillation at around 35 degrees. This condition gives an indication of how the non-linearities of the dynamical
system play a relevant role for this second case. This unique behavior will be discussed in greater detail in Part II of the
manuscript.
C. Pendulum TLD: frequency behavior
Since the SPH model seems to predict the time evolution of the coupled system with sufficient accuracy, it is also used to
study the frequency behavior.
For the smallest amplitude (Am = 0.05 m, Fig. 17 shows the roll angle Φ reached at time-periodic state for a range of
frequencies. Φ(ω) presents four peaks while the analysis proposed in [25] shows a classical TLD system which presents only
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FIG. 14: Tank filled with water: Sloshing flow predicted by the SPH model using two excitation amplitudes of the sliding mass: Am = 0.05 m
(top) Am = 0.20 m(bottom). Particles are colored according to their vorticity.
two peaks around the mechanical resonant condition. However, the reduction of Φ in the neighborhood of ω1, is also maintained
in the present system.
Fig. 18 shows the frequency operators on the roll angle Φ, the phase lag δ and the energy transfer between the moving
mass and the tank, ∆Emass/tank, reached at time-periodic state for two different excitation amplitudes (Am = 0.05, 0.20 m). The
operators for the empty tank condition presented in section III A are reported in this plot to highlight the differences induced by
the sloshing liquid.
For Am = 0.05 m the frequency behavior of the phase lag δ is very complex as a result of the shallow water sloshing dynamics.
However, for ω = ω1 the coupled system confirms that it is close to a quadrature condition. Since the rolling motion is highly
reduced in the presence of water, the work done by the sliding mass ∆Emass/tank is smaller than in the empty tank condition.
Conversely, for Am equal to 0.20 m, the Φ angles reached at time-periodic state are practically not affected by the presence
of the water, and although there are some visible effects on the phase lag δ, the main differences appear on ∆Emass/tank. Indeed,
when water is present inside the tank and for a large Am, the sloshing flow is not able to reduce the roll motion and the system
does not perform as an efficient TLD. However, the work exerted by the sliding mass, ∆Emass/tank, increases up to a factor of
five. This phenomenon will be further described in Part II.
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VI. CONCLUSIONS
The kinematics, dynamics and energy dissipation mechanisms of a pendulum-TLD system have been analyzed.
The pendulum-TLD is composed of three coupled sub-systems: first, a sliding mass whose weight excites the motion, second,
the moving parts, including the empty tank, of an angular motion sloshing rig, and third, the fluid which partially fills that tank.
An analogy with TLD and HMLD systems has been provided. Differently from other TLDs studied in the literature, the
Pendulum-TLD involves large motions and complex flows, which do not permit the use of an analytical fluid dynamic model.
The nonlinear dynamics of the Pendulum-TLD has been documented both for the empty tank and for the tank partially filled
with water. The frequency behavior of the roll angles, phase lags and energy transfer has been discussed.
The energy dissipated by the sloshing flow has been quantified through a simple theoretical model based on hydraulic jump
solutions. This model allows for an evaluation of the mechanical energy available to be dissipated in breaking. Furthermore, a
scaling factor for the energy available to be dissipated in breaking has been obtained from this analysis. This scaling factor has
been used to make non dimensional in a meaningful way the numerical results obtained by an SPH model (and the experimental
data of part II).
From the numerical simulations, the complex kinematics and dynamics of the flow has been discussed: low amplitude traveling
waves occur for the small excitation cases while breaking waves and violent fluid-structure impacts develop for large excitations.
Through the SPH model the complete frequency behavior of the fully coupled system has been obtained. Interesting features
have been identified. Specifically, for small excitations, the system behaves like a classical TLD. The frequency response changes
drastically with large excitations.
The present work is completed with the experimental analysis conducted in part II of this paper series.
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FIG. 15: Tank filled with water: roll angle plotted as a function of time using Am = 0.05 m (top) and Am = 0.2 m (bottom) obtained through a
SPH model.
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FIG. 16: Tank filled with water: phase lags δ and Ψ are plotted as a function of time using four different excitation amplitudes Am obtained
through a SPH model.
FIG. 17: Fully coupled angular motion system. Frequency operators evaluated through an SPH model, for Roll angle Φ, reached at periodic
state for the excitation amplitude Am= 0.05 m
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